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1. Compute the following indefinite integrals.

2 /x+3 v) /Zﬁi dz, (ix) /exsinxdx,
(i) /x —;ix;_? x, (vi) /(5334—1—4:53)6“’5”4 dz, (x) /:1:2 sinz ! dz,
(iii) /mdx, (vii) /m210gxdx, (xi) /xQe%dx,

(iv) / egfi5dx, (viii) / lof/_fdx, (xii) / %sin 3z da.

2. Consider the subspace
W ={(z,y,2,t) ERY) 12 =0, y + 2z + 4t = 0}

of R*. Find a basis for W and hence determine dim W . Extend this basis to a basis
for R* and hence find a complement of W in R*.

3. Show that
{x3 + xz, 3+ :U}
is a basis for the subspace
W ={p € P3(R) : p(—1) = p(0) = 0}

of P3(R) and hence determine dim IW. Extend this basis to a basis for P3(R) and
hence find a complement of W in P;(R).

4. Let B be the usual basis for R*,

1 0 0
B={lo] [1].]1
o/ \1) \1
be a further basis for R?® and 7 : R3 — R*, S : R* — R? be linear transformations
with
i 2'1; —l—_:l'?;, il X1+ T3+ T4
T ) = ! 2 s S 2 = 21’1 — T
T2 + 2133 T3
T3 To + 2ZE3 — X4
—Tr3 — T Ty

Compute ME'(T) and ME(S).



5. Consider the subspace
B = {E117 E127 E137 E21> E227 E237 E317 E327 ESS}

of R3%3,

(i) Let T : R3*3 — R3*3 be the linear transformation

a1; a2 a3 ann 2a12 3a13
T | an azx ax | = |4a Dagxp 4ass
as; asy as3 Tas; asy  9ass

Find the matrix of T" with respect to the basis B.
(ii) Let M € R3*3 be the matrix

M=

~ &~ =
i AN )
O O W

and Ty : R?*3 — R3*3 be the linear transformation with
Tu(A) = MA.
Find the matrix of T); with respect to the basis B.

6. Let B be the usual basis for R%,

1\ /0 0 1

, J ol |1 1 0
B=1ol (1] |=1|]o
1/ \o 0 ~1

be a further basis for R* and T : R* — R* be the linear transformation with

-1 0 0 O
y 0O 1 0 0
B _
My (T) = 0 0 -1 0
0O 0 0 1
Compute ME(T).
7. Determine for which values of A\ the real matrix

A1 A

Aa=|-11 -1

1 1 A

is invertible, and compute the inverse matrix Ay for these values of .



10.

11.

12.

Determine for which values of a, b the real matrix

is invertible, and compute the inverse matrix A} for these values of a and b.
Find all real nontrivial solutions of the equations

rT+2y+2z2+2t = 2
2043t = 0

3r+ 10y + 1224+ 6t = 6,
dr +2y+32+6t = 0

and

3a+b—c = 3,

a+2b = 2,
—2a—3b+c = —1.
Solve the real systems of linear equations
(a) rtyt+z=2, (b) a+2b+ 3c = p,
z—y—z=0, 2a +1b+ 3c = p,
Ay +2=1, 2+ 2¢ = 2.
Compute the determinant of the matrices
1 2 3 0
> 1 240 1 Lo
A=11 3 -—-1]|, B= , C=10 2 0 5
32 0 2
1 -2 2 01 -1 4 -1 1 -2 -1
0o 0 o0 1
Suppose that n € N, b;,¢; e Rfori=1,...,n and
1 0 - - 0 b,
0 1 bn—l
G o : :
: . .0 :
0O ... ... 0 1 b
Cn Cpel -+ ... C 1
for n € N. Show that
det(G,) =1 —bacg — -+ — by

for every n > 2.



13.

14.

15.

16.

17.

Compute the eigenvalues and eigenspaces of the complex matrices

0 1 0 3 -1 3 -2 -2 1 gg;j
o0 1], -2 2 =3|, |2 3 -2/, .
1 -3 3 2 -1 4 0 0 -1 9 9 2 _1
Which of the matrices
1 10 210 2 1 0
Q=110 1], R=1[10 1], C=1-1 0 1
011 01 2 0 -1 2
and
1 1 111
01 111
K=]100111
00011
000O01
are diagonalisable over Q,R or C?
Let
1 10 2 10 ; 3 (]i) ;
Al — 1 0 1 5 A2 — 1 0 1 5 Ag —
011 01 2 0 120
1 2 01
(i) Compute the eigenvalues and eigenspaces of the matrices Ay, Ay, As.
(ii) Find a real, invertible matrix P; such that P, ' A;P; is diagonal for i = 1,2, 3.
(iii) Find the Sylvester normal form of A; for i =1,2,3.
Show that
1 1 1 0
0 1 2 0
5= o1’111°13]11
0 1 4 0
is a basis for R*. Apply the Gram-Schmidt procedure to S to find an orthonormal
basis for R*.
Find an orthonormal basis for the subspace

0

(

of C* and extend it to an orthonormal basis for C*.

e = e

—_ = = =

1
? 1 Y
0



18. Consider the subspace V' = (vy, va,v3,v4) of P(R), where
vi(z) =1, ve(z) = (22 — 1), v3(z) = (32 —2), vy(z) = 2* (4o — 3) .

Apply the Gram-Schmidt procedure to find an orthonormal basis for V' with respect
to the inner product

(p,q) :/0 p(z)q(x)dz, p,q € P(R).

19. Show that the matrix
—1

1 0
A=—1|0 v2 0
V2 \y o g

lies in SO(3). Determine the axis and angle of the rotation represented by A.

20. Show that the matrix
0

0 1
A= -1 0 O
0 -1 0

lies in SO(3). Determine the axis and angle of the rotation represented by A.

21. Sketch the conic sections with equations
(i) 2y*> — 8z =0,
(ii) 162* — 9y? = 144,
(i) 42® — 42 +1=0,
(iv) 2y —4z+2y—4=0,
(v) 2% — 22y +2y° +2x — 6y + 1 =0,
(vi) 22 — 22y +y? + 4z + 4y — 20 =0,
(vii) 42® — 4zy +3y? + 8 — 4y + 3 = 0.



