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1. a) Show that the improper integrals∫ 1

0

arcsin t√
1− t2

dt := lim
δ↓0

∫ 1−δ

0

arcsin t√
1− t2

dt

and ∫ ∞
1

log t

t2
dt := lim

R→∞

∫ R

1

log t

t2
dt

exist and compute them.

[Hint: Use the substitutions t = sinx and t = eu.]

b) Show that the improper integral∫ π/2

0

1

1− 2 sin t
dt := lim

δ1↓0

∫ π
6
−δ1

0

1

1− 2 sin t
dt+ lim

δ2↓0

∫ π
2

π
6
+δ2

1

1− 2 sin t
dt

does not exist but its Cauchy principal value

lim
δ↓0

(∫ π
6
−δ

0

1

1− 2 sin t
dt+

∫ π
2

π
6
+δ

1

1− 2 sin t
dt

)
does exist.

[Hint:
d

dt

1√
3

log

(
sin π

6
− sin t

1− cos(π
6
− t)

)
=

1

1− 2 sin t
for t 6= π

6
.]

2. The Gamma function Γ : (0,∞)→ R is defined by the formula

Γ(x) =

∫ ∞
0

e−ttx−1 dt.

a) Show that Γ(x+ 1) = xΓ(x) for x > 0.

b) Compute Γ(n) for n ∈ N.

c) Use the result

∫ ∞
0

e−x
2

dx =

√
π

2
to compute Γ(1

2
).

[Hint: Use the substitution t = u2.]

3. Demonstrate the rule (x +++ y) +++ z = x +++ (y +++ z) for all vectors x, y, z in R2 and R3

geometrically by depicting them as arrows.


